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Overview of Schubert Calculus Combinatorics

Geometric problem

Find cνλµ = # of points in intersection of subvarieties in a variety X .

↓

Cohomology

Schubert basis {σλ} for H∗(X ) with property σλ ⌣ σµ =
∑

ν c
ν
λµσν

↓

Representatives

Special basis of polynomials {fλ} such that fλ · fµ =
∑

ν c
ν
λµfν
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Classical Schubert Calculus Example

Geometric problem

Find cνλµ = # of points in intersection of Schubert varieties {Xλ}λ⊆(nm) in
variety X = Gr(m, n).

↓

Cohomology

Schubert basis {σλ}λ⊆(nm) for H
∗(X ) with property σλ ⌣ σµ =

∑
ν c

ν
λµσν

↓

Representatives

Special basis of Schur polynomials {sλ} such that sλ · sµ =
∑

ν c
ν
λµsν for

combinatorially understood Littlewood-Richardson coefficients cνλµ.
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Schur polynomials and raising operators

Complete homogeneous symmetric function: for r ∈ Z,
hr =

∑
i1≤···≤ir

xi1 · · · xir .

For λ ∈ Zℓ, hλ = hλ1 · · · hλℓ
.

Raising operators Ri ,j(hλ) = hλ+ϵi−ϵj

R1,3

( )
= R2,3

( )
=

Schur function sλ =
∏

i<j(1− Rij)hλ (Jacobi-Trudi)
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Schubert Calculus Variations

There are many variations on classical Schubert calculus of the
Grassmannian (Type A).

Theory fλ
(Co)homology of Grassmannian Schur functions

(Co)homology of flag variety Schubert polynomimals

Quantum cohomology of flag variety Quantum Schuberts

(Co)homology of Types BCD Grassmannian Schur-P and Q functions

(Co)homology of affine Grassmannian (dual) k-Schur functions

K -theory of Grassmannian Grothendieck polynomials

K -homology of affine Grassmannian K -k-Schur functions

Focus

K -theory and K -homology of the affine Grassmannian

Simulatenously generalizes K -theory of Grassmannian and (co)homology
of affine Grassmannian.
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K -Theory of Affine Grassmannian

What is known?

1 K -theory classes of Grassmannian (not affine!) represented by
“Grothendieck polynomials.” We are interested in their dual:

gλ =
∏
i<j

(1− Rij)kλ

for kγ an inhomogeneous analogue of hγ .

2 Homology classes of affine Grassmannian represented by k-Schur
functions (t = 1).

3 (Lam et al., 2010) leave open the question: what is a direct
formulation of the K -homology representatives of the affine
Grassmannian (K -k-Schur functions)?
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Goal

Goal

Identify K -k-Schur functions in explicit (simple) terms amenable to
calculation and proofs.
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Root Ideals

A root ideal Ψ of type Aℓ−1 positive roots: given by Dyck path (lattice
path above diagonal).

(12)(13)(14)(15)

(23)(24)(25)

(34)(35)

(45) Ψ = Roots above Dyck path
∆+

ℓ \Ψ= Non-roots below

Catalan Function (Chen, 2010; Panyushev, 2010; Blasiak et al., 2019)

For Ψ and γ ∈ Zℓ

H(Ψ; γ)(x) =
∏

(i ,j)∈∆+
ℓ \Ψ

(1− Rij)hγ(x)

Ψ = ∅ =⇒ H(∅; γ) = sγ
Ψ = all roots =⇒ H(Ψ; γ) = hγ
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Catalan functions

k-Schur root ideal for λ

For k ∈ Z≥0 and λ = (λ1 ≥ . . . ≥ λℓ) ∈ Zℓ,

Ψ = ∆k(λ) = {(i , j) : j > k − λi}
= root ideal with k − λi non-roots in row i

∆4(3, 3, 2, 2, 1, 1) =

3
3
2
2
1
1

← row i has 4− λi non-roots

k-Schur is a Catalan function (Blasiak et al., 2019).

For partition λ with λ1 ≤ k,

s
(k)
λ = H(∆k(λ);λ) .
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Catalan functions

By realizing k-Schur functions in the framework of Catalan
functions, (Blasiak et al., 2019) proves

The k-Schur functions are“shift invariant”, i.e. for ℓ = ℓ(λ),

s⊥
1ℓ
s
(k+1)

λ+1ℓ
= s

(k)
λ .

This implies the k+1-Schur expansion of a k-Schur function has
positive coefficients.

Also the Schur expansion of a k-Schur function has positive
coefficients.

Remark

(Blasiak et al., 2019) show results for k-Schur functions with parameter t,
but t = 1 specialization is necessary for Schubert calculus.
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Lowering Operators

Recall K -theory/homology of affine Grassmannian simultaneously
generalizes:

K -theory of Grassmannian: gλ =
∏

i<j(1− Rij)kλ and

Homology of affine Grassmannian: s
(k)
λ =

∏
(i,j)∈∆+\∆k (λ)(1− Rij)hλ

Extra ingredient: lowering operators Lj(hλ) = hλ−ϵj

L3
( )

= L1
( )

=
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Affine K -Theory Representatives with Raising Operators

Definition

Let Ψ,L ⊆ ∆+
ℓ be order ideals of positive roots and γ ∈ Zℓ

, then

K (Ψ;L; γ) :=
∏

(i ,j)∈L

(1− Lj)
∏

(i ,j)∈∆+
ℓ \Ψ

(1− Rij)kγ

for kγ an inhomogeneous analogue of hγ .

Example

non-roots of Ψ in blue, roots of L marked with •
(12) • •

• •
(34)

(45)

K (Ψ;L; 54332)
= (1− L4)

2(1− L5)
2

· (1− R12)(1− R34)(1− R45)k54332
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Affine K -Theory Representatives with Raising Operators

Answer (Blasiak-Morse-S., 2022)

For K -homology of affine Grassmannian,

fλ = g
(k)
λ := K (∆(k)(λ);∆(k+1)(λ);λ) since this family has the correct

structure constants.

Example

g
(4)
332111 =

3 • • •
3 • •

2
1

1
1

∆+ \Ψ = ∆+
6 \∆(4)(332111),L = ∆(5)(332111)
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Property and Further Work

Theorem (Blasiak-Morse-S., 2022)

The g
(k)
λ are “shift invariant”, i.e. for ℓ = ℓ(λ)

G⊥
1ℓg

(k+1)

λ+1ℓ
= g

(k)
λ

Theorem (Blasiak-Morse-S., 2022)

The g
(k)
λ “branching coefficients” are alternating by degree, i.e. the b

(k)
λµ in

g
(k)
λ =

∑
µ

b
(k)
λµ g

(k+1)
µ

satisfy (−1)|λ|−|µ|b
(k)
λµ ∈ Z≥0.
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Peterson Isomorphism

Theorem (K -theoretic Peterson Isomorphism, Ikeda-Iwao-Maeno
2020)

There exists a ring isomorphism

QK ∗(Fln)→ K∗(GrSLn)loc

Theorem (Ikeda-Iwao-Naito 2022+, Conjectured by Blasiak-Morse-S.,
2022)

Under the Peterson Isomorphism, the “quantum Grothendieck
polynomials” Gw (z ;Q) get sent to “closed K -k-Schur functions”,

g
(k)
λ = K (∆(k); ∆(k);λ) with suitable localization.

Proved using “Katalan function description.”
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Future Directions

For G
(k)
λ an affine Grothendieck polynomial (dual to g

(k)
λ ),

1 Combinatorially describe dual “Pieri rule”:

G⊥
1r g

(k)
λ =

∑
µ??g

(k)
µ ⇐⇒ G1rG

(k)
µ =

∑
λ??G

(k)
λ , 1 ≤ r ≤ k .

2 Combinatorially describe branching coefficients: g
(k)
λ =

∑
µ??g

(k+1)
µ .

3 Combinatorially describe g
(k)
λ =

∑
µ??s

(k)
µ .

4 Answer same questions for “closed K -k-Schur’s.”
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Other results using Catalan function methods

1 “Catalan function descriptions” provide a useful approach to “shuffle
theorem combinatorics” (Blasiak-Haiman-Morse-Pun-S., 2023)

2 Also provides methods to prove “Schur positivity” of families of
symmetric functions. (Blasiak-Morse-Pun 2020,
Blasiak-Haiman-Morse-Pun-S. 2021+)

3 New formulas for Macdonald polynomials using raising operators
(Blasiak-Haiman-Morse-Pun-S.)
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