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Symmetric polynomials and functions

o Symmetric polynomials Q[x, ..., X,]>"

@ Generators

er(X1,. .., Xn) = Z Xy o X,

1<i<ip<--<ir<n

e1(x1,x2,x3) = x1 + x2 + x3
e(x1, X2, X3) = x1%0 + X1X3 + X0X3

e3(x1, X2, X3) = X1X2X3
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@ Integer partitions of d.
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Young Tableaux

Definition

Filling of partition diagram of A with numbers such that
@ strictly increasing up columns
© weakly increasing along rows

Collection is called SSYT(\).

-

For A =(2,1),

1[1] [1[1] [2]2] [1]2] [113] [2]3] [1]3] [1]2]
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Associate a polynomial to SSYT(\).
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Definition
For A a partition

S\ = Z foorxT:Hx,-

TESSYT()) ieT

@ s) is a symmetric function.
@ {s)} forms a basis for A.
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Representation theory and Schur functions

Irreducible representations of S, are also labeled by partitions of n.

Vi =trivial, VBZI =~ span{e; — e, & — e3}, VH =sign

Frobenius charactersitc, Frob: Rep(S,) — A, such that
o Irreducible S,-representation V) has Frob(V)) = sy
o U2V @& W = Frob(U) = Frob(V) + Frob(W)
o Indg™"s (V x W) = Frob(V) - Frob(W)

o Frob(Ind2, s .5 (C x C x C)) = (11)° = s + 29 + E

Hidden Guide: Schur Positivity

“Naturally occurring” symmetric functions which are non-negative
(coefficients in N) linear combinations in Schur polynomial basis are
interesting since they could have representation-theoretic models.
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Products of Schur polynomials

o Littlewood-Richardson rule: sys, =3_, ¢}, s, for c§, € N.

@ Skew Schur function: s, /\ = ZTESSYT(V/A)XT = 2 CXuSu-

e Straightforward observation: s, /xs./, = ZTGSSYT(V/A)XTXS.
SeSSYT(k/p)

@ g-deformation?
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@ A semistandard tableau on v is a map T: v — Z, which restricts to a
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@ A semistandard tableau on v is a map T: v — Z, which restricts to a
semistandard tableau on each ;).

® An attacking inversion in T is an attacking pair (a, b) such
that T(a) > T(b).

The LLT polynomial indexed by a tuple of skew shapes v is
Gica)= 3 gmOxT,

TEeSSYT(v)

where inv(T) is the number of attacking inversions in T and x" =[] ., x7(a)-
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inv(T) =4, xT = xPxox3XaXE X6
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e Gu(x;q) is a symmetric function

° gu(X; 1) =5,1) """ S,r)

@ G, were originally defined by Lascoux, Leclerc, and Thibon to explore
connections to Fock space representations of Ug(sl,)

o When v() are partitions, the Schur-expansion coefficients are
essentially parabolic Kazdhan-Luzstig polynomials.

@ G, is Schur-positive for any tuple of skew shapes v
[Grojnowski-Haiman, 2007].

@ Thus, G, are useful to show combinatorial quantities are
Schur-positive!
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Some notable occurrences of LLT Polynomials

@ Haglund-Haiman-Loehr formula for Macdonald polynomials:

Au(x g, t) = "N " (T 7 t)Gr(x: t71).
R

@ Shuffle theorem (and generalizations):

Ve, = Z tarea(A)qdi"V()\)gy(A)(X; gl).
AeDP,

@ For G = incomparability graph for natural unit interval order
(encoded by Dyck path P), the t-chromatic symmetric polynomial is
a “signed” LLT polynomial (later), i.e.,

xe(xit) = (1 — )G, p[(1 — t)x; 1].
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Flagged Tableaux

e Fix partition shape A = (Ag,...

b:(b1§~~§b,)eN’.

, A1) and flag

o A flagged semistandard Young tableau of shape A with flag b is a
T € SSYT(A) such that the entries of row i are bounded above by b;.

@ Denote the set of such tableaux via FT(\, b).
e Eg, A=(2,1),b=(1,3), FT(\,b) =

2

<3

3

<3

1

1<t

1

1<t
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o For partition A\ and flag b, the flagged Schur function is given by

5,\,b(X) = Z XT
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Flagged Schur functions (Lascoux-Schiitzenberger, Wachs)

For partition A and flag b, the flagged Schur function is given by

5,\,b(X) = Z XT

TEFT(A,b)

Jacobi-Trudi: SA’b(X = det(h)\i,,'+j(X1, . ,Xb,.))

)
) = x12x2 + X12X3 = hz(X1)h1(X17X27X3) - h3(X1)
2153 313 ha(x1) hs(x1)
111 ‘51 1]1 ‘Sl ho(x1, x2,x3)  h1(x1, %2, x3)

E.g., s21,13(x1, X2, X3

Schubert &, (x) = sy p(x) for vexillary w € S, (2143-avoiding).



Flagged Schur functions (Lascoux-Schiitzenberger, Wachs)

For partition A and flag b, the flagged Schur function is given by

5,\,b(X) = Z XT

TEFT(A,b)

Jacobi-Trudi: SA’b(X = det(h)\i,,'+j(X1, . ,Xb,.))

)
) = x12x2 + X12X3 = hz(X1)h1(X17X27X3) - h3(X1)
2153 313 ha(x1) hs(x1)
111 ‘51 1]1 ‘Sl ho(x1, x2,x3)  h1(x1, %2, x3)

E.g., s21,13(x1, X2, X3

Schubert &, (x) = sy p(x) for vexillary w € S, (2143-avoiding).

syb(x) are examples of Demazure characters.



Demazure characters and atoms

The Demazure operator m; acts on f € Q(q, t)[xlil, - ,x,jvtl] by

Ti(F) = xif — xit1si(f)

Xi — Xi+1
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® D (a) = Dy for aj > ajyq, for any a € NN,



Demazure characters and atoms

The Demazure operator m; acts on f € Q(q, t)[xlil, - ,x,jvtl] by
e 1s(F
7_‘_’_(]() _ Xi Xl+151( )
Xi — Xi+1

The Demazure characters or key polynomials are constructed from

o Dy =x*:= xi\l x 'X//\\/N for partition A.
® D (a) = Dy for aj > ajyq, for any a € NN,

Demazure atoms are defined the same as keys but with 7; ;== 7m; — 1 in
place of 7;:

o Ay = x* for partition \.

° As,.(a) = % Aq for aj > i1, for any a € NV,



5.2
2 5.2 4.3 3.4 2.5
D250 = 71’1'D520 = 1(X1X2) = X1 X5 +X1X2 +X1X2 +X1X2

T 5
52, 4.3, 3.4, 2.5
Dags = m2Daso = m2(xp X5 + X1 x5 + X X5 + X7 X5)



5,2
Dsoo = x7X5

5 2.5

10@X3) = xPx3 4 xPx3 4+ X2 x5 + XZx3

5,2 2.5

Dosg = mDspo =
4.3, 3.4
Dags = m2Daso = m2(xp X5 + X1 x5 + X X5 + X7 X5)

D50 = As2o
Dosg = Az + A2s0
Dogs = As2o + Aoso + Asp2 + A2os
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Recovering Symmetric Functions

o Ifb=(n,...,n) for n = |X], then s\ p(x) = sa(x1,...,Xn).
e For w =s;sj,---s; € Sy reduced, 7y, = mj 7, - - i,

m

e For Weyl symmetrization operator m,,, we have
7"-Wo(s)\,b(x)) = SA(X)a Two (Da) = Dsort(a) = Saq,

So « a partition,

0 else.

WWO(Aa) = {



Flagged LLT Polynomials (Blasiak-Haiman-Morse-Pun-S.)

Let e1,..., e be the row ends of v, ordered in reverse reading order.
Fix flag b= (by < --- < by).

FT(v,b) = set of semistandard tableaux T on v satisfying

T(e,-) S b,‘.

The flagged LLT polynomial indexed by v and b is

gu,b(X; t) — Z tinV(T)XT )

TEFT(v,b)

€3

€1

€4




Flagged LLT Polynomials (Blasiak-Haiman-Morse-Pun-S.)

Let e1,..., e be the row ends of v, ordered in reverse reading order.
Fix flag b= (by < --- < by).

FT(v,b) = set of semistandard tableaux T on v satisfying

T(e,-) S b,‘.

The flagged LLT polynomial indexed by v and b is

gu,b(X; t) — Z tinV(T)XT )

TEFT(v,b)
213([<3
111(<L1

214 <4
1(2 <2




Flagged LLT Polynomials

v = ),b=(1,2)

N

1
T /" /

1)1 (=<2 1{2

Gro(xit) = X§ + txixo + t°x3x3
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Flagged LLT Polynomials

® G, pb(x; t) Weyl symmetrizes to symmetric G, (x; t).

e For v = ()) a single shape, G, p(x; t) = s\ p(x).

® G, p(x; t) have an algebraic formula via “nonsymmetric
Hall-Littlewood polynomials.”

® G, p(x; t) are conjecturally positive in terms of Demazure atoms.
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e Signed alphabet A =1<1<2<2---
o FT*(v,b) = fillings of v from A satisfying
o unbarred letters weakly increase in rows, strictly increase in columns.

o barred letters strictly increase in rows, weakly increase in columns.
o T(g)<bjfori=1,...,1I



Signed flagged LLT polynomials

e Signed alphabet A =1<1<2<2---
o FT*(v,b) = fillings of v from A satisfying
o unbarred letters weakly increase in rows, strictly increase in columns.

o barred letters strictly increase in rows, weakly increase in columns.
o T(g)<bjfori=1,...,1I

The signed flagged LLT polynomial indexed by v and flag b is

g;/t,b(X; t) — Z tinv(T)(_t)f#bar(T)X|T|,
TeFTE(v,b)

where |T| is the result of removing all bars from T.



Signed flagged LLT polynomials

1]1 1[1 1[1 11 1]1
/ e /" ke
T [z 12 2]2 11 if2
Qib(x t) = xt + téx + PG — X - tix

= t2xfx22



Flagged plethysm

Define flagged plethysm My : k[x1,...,x] — k[x1,...,x] to be the
(over-determined) linear map

MexGyy(t™h) = Guplxit ™).



Flagged plethysm

Define flagged plethysm My : k[x1,...,x] — k[x1,...,x] to be the
(over-determined) linear map

MexGyy(t™h) = Guplxit ™).

Theorem (Blasiak-Haiman-Morse-Pun-S., 2025+ )

M: x is well-defined.

M:x is a “nonsymmetric analogue” of the plethystic map
f[X] — f[X/(1 - t)] for symmetric function f.
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Applications

@ Modified r-nonsymmetric Macdonald polynomials (or modern
Macdonald polynomials) via a flagged HHL formula.

@ A "nonsymmetric shuffle theorem” expressed in terms of flagged LLT
polynomials associated to flagged Dyck paths.

© Tewari-Wilson-Zhang define chromatic nonsymmetric polynomials
associated to d x d Dyck paths starting with r north steps, xp -
This is (essentially) a signed flagged LLT polynomial.
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Macdonald polynomials

@ Macdonald polynomials P,(x; g, t) form a basis for Ag(q,+)(x).

@ Specializations give Hall-Littlewood polynomials, Schur polynomials,
and many other famous bases.

@ Integral form Macdonald polynomials J,(x; q,t) = c,P.(x; g, t) have
coefficients in Z][gq, t].

@ Macdonald provides a positivity conjecture about expanding J, into a
funny basis.What does it mean?



Modified Macdonald polynomials

@ Plethystically modified Macdonald polynomials
Hu(x: g, t) = Ju[x/(1 = t): g, t].
@ Macdonald positivity: the H, are Schur positive.
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Macdonald positivity: the H,, are Schur positive.
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M,,, a QS,-submodule of Q[xi,...,Xn, 1, .., Ya] of dimension n!.



Modified Macdonald polynomials

@ Plethystically modified Macdonald polynomials
Hu(x; 0. £) = ulx/(1 — 1); 0. 1]
Macdonald positivity: the H,, are Schur positive.
Hu(X; 1, 1) = (51)" = h(ln).
t"WH,(x; q,t~') = Frobenius series of the Garsia-Haiman module
M,,, a QS,-submodule of Q[xi,...,Xn, 1, .., Ya] of dimension n!.

Ha1 = tss + (L + gt + ¢%t)ss1 + (g + tq*)s2 + (¢ + ° + ¢ t)s211 + ¢Ps1a11



Haglund-Haiman-Loehr formula example

Hu(X: q,t) = t"0) 37, (H ) Gr(X; 1)



Haglund-Haiman-Loehr formula example

H.(X;q,t) = tn(k) YR (H qa+1t/)gR(X? t=1)
]
For n=(3,2), we get 8 LLT terms:
g gt g @3 [ g3t g G2t
H B H oo
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Haglund-Haiman-Loehr formula example

Hu(X;q,t) = t"W S o (H ) Gr(X; t 1)
[ ]

For n=(3,2), we get 8 LLT terms:

:g q4t4 :g q3t3 El‘:[ q3t4 :/ig q2t3

H B o

T Bew me o

Remark: Can permute the order of ribbons (but changes arm and leg
statistics and LLTs.)



Nonsymmetric Macdonald polynomials

The Cherednik operators Yi,..., Yy act on Q(q, t)[xlil, e ,xﬁl].
f— S,'f .
Tif =sif + (1 —t)x; ———, (Demazure-Lusztig operators)
Xi = Xi+1

of = f(x,...,xn, gx1),
Yi=t T Toqd Tyt - T7L

1

Definition

The nonsymmetric Macdonald polynomials E,(x, ..., Xn; g, t) are the
joint eigenfunctions of the commuting operators Yi,..., Yy.




Nonsymmetric Macdonald polynomials

The Cherednik operators Yi,..., Yy act on Q(q, t)[xlil, e ,xﬁl].
f— S,'f .
Tif =sif + (1 —t)x; ———, (Demazure-Lusztig operators)
Xi = Xi+1

of = f(x,...,xn, gx1),
Yi=t T Toqd Tyt - T7L

1

Definition
The nonsymmetric Macdonald polynomials E,(x, ..., Xn; g, t) are the
joint eigenfunctions of the commuting operators Yi,..., Yy.

o {E,}aezn forms a basis for Q(q, t)[xit, ..., xi'].



Nonsymmetric Macdonald polynomials

The Cherednik operators Yi,..., Yy act on Q(q, t)[xlil, e ,xﬁl].
f— S,'f .
Tif =sif + (1 —t)x; ———, (Demazure-Lusztig operators)
Xi = Xi+1

of = f(x,...,xn, gx1),
Yi=t T ToqdT - T L

1

Definition
The nonsymmetric Macdonald polynomials E,(x, ..., Xn; g, t) are the
joint eigenfunctions of the commuting operators Yi,..., Yy.

o {E,}aezn forms a basis for Q(q, t)[xit, ..., xi'].

@ Knop introduced integral form nonsymmetric Macdonald polynomials
Ea = coEn with coefficients in Z[q, t].



Nonsymmetric Macdonald polynomials

The Cherednik operators Yi,..., Yy act on Q(q, t)[xlil, e ,xﬁl].
f— S,'f .
Tif =sif + (1 —t)x; ———, (Demazure-Lusztig operators)
Xi = Xi+1

of = f(x,...,xn, gx1),
Yi=t T ToqdT - T L

1

Definition
The nonsymmetric Macdonald polynomials E,(x, ..., Xn; g, t) are the
joint eigenfunctions of the commuting operators Yi,..., Yy.

o {E,}aezn forms a basis for Q(q, t)[xit, ..., xi'].

@ Knop introduced integral form nonsymmetric Macdonald polynomials
Ea = coEn with coefficients in Z[q, t].

@ The &,'s "Hecke symmetrize” to the integral form J,'s.



Nonsymmetric HHL formula example

.....



Nonsymmetric HHL formula example

Ea(x;q,t) = £h(u+) e (H qa+1tl)g§,(1,2,...,m)(X; 1),
L]
For a = (2,0,1), we get 8 signed flagged LLT terms:

I} [T]1 Bl 51
t 2 gt 2 qt2 2 q2t2 2

mE; O3 u

1 1 1 1

q2t3 2 q3t3 2 q3t4 2 q*tt 2
13 . 13 o

@ Convention: bound boxes are always on the same content “diagonal.”
@ Variation: bound boxes below shape bound shape strictly from below.



Arms and legs

o[T]
o[

o[ TTTJ
ol[x[u] |
ol

o[



The Missing Corner

Ealx1, ..., xn; g, ) ?

Hecke sym. ‘
Ju(x;qg,t H.(x;q,t
h(xiq,t) Plethysm u(xi9.1)

Is there a “nice” family of polynomials that Weyl symmetrizes to the
modified Macdonald polynomials?

An important feature for “nice”? Positivity!



Toward positivity

@ Knop (2007) formulated a positivity conjecture for a stable version of
Eq involving Kazhdan-Lusztig theory.

e Lapointe (2022) formulated another positivity conjecture for a stable
version of &,.

@ Goodberry and Orr, Bechtloff Weising, and Bechtloff Weising and Orr
consider stable versions of E,.
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Toward positivity

@ Knop (2007) formulated a positivity conjecture for a stable version of
Eq involving Kazhdan-Lusztig theory.

e Lapointe (2022) formulated another positivity conjecture for a stable
version of &,.

@ Goodberry and Orr, Bechtloff Weising, and Bechtloff Weising and Orr
consider stable versions of E,.

@ We can understand stabilizations in terms of signed flagged LLT
combinatorics.

@ Upshot: look at stabilizations for “positivity."



Filling in the missing corner

e P(r)=Q(q,t)[x1,.-., x| ® AQ(q,t)(XrJrl? ce)e
@ Use a “stable” version of &,, which we denote jnP\'

r

Toa(x: g, t) nsH, A (x: g, t)

Hecke sym. Weyl sym.

Jiminy, (X g, t) Hipny. (x: g, t)

Plethysm

o Jya(x;q,t) and nsHy\(x; g,t) for (n|\) € N x Par form bases of
P(r).
@ (1; \)+ = partition rearrangement of concatenating (7; \).

o [1, is “r-nonsymmetric plethysm”

Me(f(x, .. x) @ g(x)) = (Mexf(x1,.... %)) @g[x/(1—1t)] .



Modern Macdonald polynomials

Definition

The modern Macdonald polynomial indexed by nn € N" and partition A is

nsH,A(x; g, t) = £((mA)+) Z (H qa+1tl)gR,(1,2,...,r)(X? £1)

&
L]

For r=2,1n1=(2,1), A = &, the LLT terms are

[ ]1 Hl
t q t?
]2 [ ]2

2 2 2 2
nsHa1 o (x1, X2, X35 g, t) = txf+x1x2+th1x2+th1x2 +qt X{ X3+ q X1X2X3



Modern Macdonald polynomials

° nsH,,|,\(x; g, t) is monomial positive with a combinatorial formula.



Modern Macdonald polynomials

° nsH,,|,\(x; g, t) is monomial positive with a combinatorial formula.

@ nsH,\(x; g, t) Weyl symmetrizes to symmetric Hg, (x; q, t).



Modern Macdonald polynomials

° nsH,,|,\(x; g, t) is monomial positive with a combinatorial formula.
@ nsH,\(x; g, t) Weyl symmetrizes to symmetric Hg, (x; q, t).
@ nsH,\(x; g, t) form a basis of P(r).



Modern Macdonald polynomials

° nsH,,|,\(x; g, t) is monomial positive with a combinatorial formula.
@ nsH,\(x; g, t) Weyl symmetrizes to symmetric Hg, (x; q, t).
@ nsH,\(x; g, t) form a basis of P(r).

e We conjecture nsH,(x; g, t) is atom positive (would follow from
flagged LLTs being atom positive).



Modern Macdonald summary

Ea X1y Xniq,t) =
> signed flagged LLTs

éstabilize

j17|>\(X;q7t) =
> signed flagged LLTs

Hecke sym.

J(W;A)+ (X;qvt) =

Plethysm

> signed LLTs

nsH, A (x:q,t) =
> flagged LLTs

Weyl sym.

H(UiA)+ (X;q,t) —
S LLTs



Extra slides

What follows are extra slides that were not presented.



Stabilization

Definition

A sequence g1, &, . .. with gy € Q(g, t)[x1, ..., xn] converges t-adically to
f(x) € P(r) if, for all e >0,

gn(xt,...,xn) — f(x1,...,xn,0,0,...)

has coefficients whose order of vanishing in t is at least e, for sufficiently
large N.

1

1-t
@ X1, txy + X2, t2X]_ + X2 + X3, t3X1 +Xo+X3+Xa,... > Xo+X3+Xq+ .

o L1+t 1+t+t%...—



Stable nonsymmetric Macdonald polynomials

Definition
For (n|\) € N" x Par, the integral form stable r-nonsymmetric Macdonald
polynomial Jy\(x; g, t) € P(r) is given by

‘777|>\(X; q, t) = nll_}ﬂ(lo 5(77;0”;)\) (le -y Xrtny OZ(A); q, t)'

These J,\'s are integral forms of stable versions of E, introduced by
Bechtloff Weising.



Stable nonsymmetric Macdonald polynomials

Fix some r € Z~g. Add n empty ribbons after the first r. Set variables

Xrpn = Xrynt1 =+ =0.
n .
»’/ \Kl
71 ° !
o r
e r+1
)\// -
‘,’ e r+n
e r+n+1
o r+n+k

On (signed) flagged ribbon LLTs, this causes bounds > r + n+ 1 to be no
restriction and ribbons with bounds below ribbon — 0.



The plethystic relationship

Theorem (Blasiak-Haiman-Morse-Pun-S., 2025+)

\777\>\(X; q, t) _ tn(("l;A)+) Z (H qa+1 tl)gR,(l,Z,..l,r)(X; t_l)

=
L]
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The plethystic relationship

Theorem (Blasiak-Haiman-Morse-Pun-S., 2025+)

j?]\)x(X; q, t) _ tn(("7;>\)+) Z (H qa+1 tl)gR,(l,Z,..l,r)(X; t_l)

=
L]

Theorem (Blasiak-Haiman-Morse-Pun-S., 2025+ )

nsH, A (X g, t) = M, Tya(x: g, t) .

Follows from
@ HHL style formula for both sides.
@ Stabilized ribbon LLT's satisfy
Gr12..n(it) =MGg 1, yxit™h).
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Raising the flag

o Flagged LLT polynomials serve as a common combinatorial
generalization of symmetric LLT polynomials and flagged Schur
functions.

o Flagged LLT polynomials and their signed variants provide a common
framework for understanding various versions of (nonsymmetric)
Macdonald polynomials.

o Flagged LLT polynomials provide a tool to give nonsymmetric
generalizations to the entire diagonal harmonics / shuffle theorem
program.

Thank you!



