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© Symmetric functions, S,-representations, and Frobenius characteristic
@ Diagonal harmonics and shuffle conjectures

© Stable series approach

@ Application: extended Delta conjecture

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021


https://www.math.uwaterloo.ca/~opecheni/2020-06-12-AlCoVE.pdf
https://www.math.uwaterloo.ca/~opecheni/2020-06-12-AlCoVE.pdf

© Symmetric functions, S,-representations, and Frobenius characteristic
@ Diagonal harmonics and shuffle conjectures
© Stable series approach
@ Application: extended Delta conjecture
Based off of slides from

@ Mark Haiman: “A Shuffle Theorem for Paths Under Any Line”
https:
//www.math.uwaterloo.ca/~opecheni/2020-06-12-A1CoVE. pdf

o Jennifer Morse: "“Hey Series, Tell Me About the Extended Delta
Conjecture” (ICERM, March 22, 2021)
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Multivariate Polynomials

o f € Q[xi,...,xs multivariate polynomial
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Multivariate Polynomials

o f € Q[xi,...,xs multivariate polynomial

® 0 € Spacts as 0.f(x1, %2, ..+, Xn) = F(Xp(1)s Xo(2)s - - + > Xor(m))

1 2 3
<3 : 1) (552 + 5x2 + 8x2) = 8x2 + 52 + 5x2
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Symmetric Polynomials

e Polynomials f € Q[xq, ..., x,] satisfying o.f = f?
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Symmetric Polynomials

e Polynomials f € Q[xq, ..., x,] satisfying o.f = f?

e Symmetric polynomials (n = 3)

e1=x1+x+x3=h
e = x1X0 + x13 + xox3 My = X7 + x1x0 + x1x3 + X3 + x0x3 + X3

€3 = x1xo0x3 h3 = xf + x12xz + X12X3 + x1x22 + -
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Symmetric Polynomials

e Polynomials f € Q[x1, ..., x| satisfying o.f = f?
e Symmetric polynomials (n = 3)
e1 =x1+x2+x3 =h
e = x1X0 + x13 + xox3 My = X7 + x1x0 + x1x3 + X3 + x0x3 + X3

€3 = x1xo0x3 h3 = x13 + x12x2 + X12X3 + x1x22 + .-

o {f €Q[x1,...,xn] | o.f = fVo € Sp} forms a vector space, Ag.

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 4/36



Combinatorics of Symmetric Polynomials

Generators

e = g Xiy Xip +++ X;, or hy = g Xiy Xip * * * Xi,

i1 <ip <<y i1 < <---<ir
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Combinatorics of Symmetric Polynomials

Generators
e = g Xiy Xip +++ X;, or hy = g Xiy Xip * * * Xi,
i1 <ip <<y i1 < <---<ir
Symmetric functions are polynomials in the e1, e, ..., or in the hy, ho, ...

3h2h% — h% + 6h3h; = 3h(211) — h(22) + 6h(31)
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Combinatorics of Symmetric Polynomials

Generators
e = g Xiy Xip +++ X;, or hy = g Xiy Xip * * * Xi,
i1 <ip <<y i1 < <---<ir
Symmetric functions are polynomials in the e1, e, ..., or in the hy, ho, ...

3h2h% — h% + 6h3h; = 3h(211) — h(22) + 6h(31)

Basis of Ag?

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 5/36



Definition

n € Z~o, a partition of nis A = (A1 > A2 > -+ > Ay > 0) such that
AM+A+--+ N =n.
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Definition

n € Z~o, a partition of nis A = (A1 > A2 > -+ > Ay > 0) such that
AM+A+--+ N =n.

5 — CITTT 24+2+1 - H

]

441 —H 2+1+1+1—>E

3+2—HH 1+1+1+1+1—>E
341414
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Definition

Filling of partition diagram of A with numbers such that
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Definition

Filling of partition diagram of A with numbers such that

@ strictly increasing down columns
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Definition

Filling of partition diagram of A with numbers such that
@ strictly increasing down columns

@ weakly increasing along rows
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Definition

Filling of partition diagram of A with numbers such that
@ strictly increasing down columns
@ weakly increasing along rows

Collection is called SSYT(M).
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Definition

Filling of partition diagram of A with numbers such that

@ strictly increasing down columns

@ weakly increasing along rows
Collection is called SSYT(M).

For A =(2,1),
111] [1[1] [2]2] [1[2] [1[3] [2]3] [1[3] [1[2]
2], 20 B3 B2 8
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Schur functions

Associate a polynomial to SSYT(\).
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Schur functions

Associate a polynomial to SSYT(\).

1[1] [I[1]
2 3

— y = I

212] [1]2] [113] [2]3] [1[3] [1]2]
3 2 B 3 2 3

y /— 0y = 3 == 5y = 5
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Schur functions

Associate a polynomial to SSYT(\).

1[1] [I[1]
2 3

— y = I

212] [1]2] [113] [2]3] [1[3] [1]2]
3 2 B 3 2 3

y /— 0y = 3 == 5y = 5

2 2 2 2 2 2
S(21) (X1, X2, X3) = X{ X2 + X{ X3 + X5X3 + X153 + X1X3 + X2X3 + 2x1%2X3
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Schur functions

Associate a polynomial to SSYT(\).
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2 2 2 2 2 2
S(21) (X1, X2, X3) = X{ X2 + X{ X3 + X5X3 + X153 + X1X3 + X2X3 + 2x1%2X3

Definition

For A a partition

S\ =

D

TESSYT())

xT for xT = Hx,-
ieT
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Schur functions

Associate a polynomial to SSYT(\).

1[1] [I[1]
2 3

— y = I

212] [1]2] [113] [2]3] [1[3] [1]2]
3 2 B 3 2 3

y /— 0y = 3 == 5y = 5

2 2 2 2 2 2
S(21) (X1, X2, X3) = X{ X2 + X{ X3 + X5X3 + X153 + X1X3 + X2X3 + 2x1%2X3

Definition

For A a partition

S\ = Z foorxT:Hx,-

TESSYT()) ieT

@ s) is a symmetric function
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Schur functions

Associate a polynomial to SSYT(\).

1[1] [I[1]
2 3

— y = I

212] [1]2] [113] [2]3] [1[3] [1]2]
3 2 B 3 2 3

y /— 0y = 3 == 5y = 5

2 2 2 2 2 2
S(21) (X1, X2, X3) = X{ X2 + X{ X3 + X5X3 + X153 + X1X3 + X2X3 + 2x1%2X3

Definition

For A a partition

S\ = Z foorxT:Hx,-

TESSYT()) ieT

@ s) is a symmetric function
@ Schur functions form a basis for Ag
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Harmonic polynomials

Harmonic polynomials

M = polynomials killed by all symmetric differential operators.
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Harmonic polynomials

Harmonic polynomials
M = polynomials killed by all symmetric differential operators.

Explicitly, for
X12 x; 1
A=det|x3 xo 1| =xZ(x0—x3)—x3(x1 — x3) + x5 (x1 — x0)
X32 x3 1
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Harmonic polynomials

Harmonic polynomials
M = polynomials killed by all symmetric differential operators.

Explicitly, for
X12 x; 1
A=det|x3 xo 1| =xZ(x0—x3)—x3(x1 — x3) + x5 (x1 — x0)
X32 x3 1

M is the vector space given by
M =sp { (8)‘318526;3) Alab,c> 0}
=sp{A, 2x1(x2 — x3) — %5 + x5, 2x2(x3 — x1) — X5 + X7,
X3 — X1,X2 — X3, 1}
29 March 2021
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Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}
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Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}

© Break M up into irreducible S,-representations.
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Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}

© Break M up into irreducible S,-representations.

sp{A} @ sp{2x1(xo—x3)—x3+x3, 2x2(x3—x1)—x34x2} ® sp{x3—x1, xo—x3} D sp{1}
~—— ~——

- i g
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Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}

© Break M up into irreducible S,-representations.

sp{A} @ sp{2x1(xo—x3)—x3+x3, 2x2(x3—x1)—x34x2} ® sp{x3—x1, xo—x3} D sp{1}
~—— ~——

- i g

@ How many times does an irreducible S,-representation occur?
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Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}

© Break M up into irreducible S,-representations.

sp{A} @ sp{2x1(xo—x3)—x3+x3, 2x2(x3—x1)—x34x2} ® sp{x3—x1, xo—x3} D sp{1}
~—— ~——

- i g

@ How many times does an irreducible S,-representation occur?
Frobenius:

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 10 /36



Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}

© Break M up into irreducible S,-representations.

sp{A} @ sp{2x1(xo—x3)—x3+x3, 2x2(x3—x1)—x34x2} ® sp{x3—x1, xo—x3} D sp{1}
~—— ~——

- i g

@ How many times does an irreducible S,-representation occur?
Frobenius:

313:(X1+X2+X3)3=SH+SHI|+SH:|+E
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Harmonic polynomials

sp{A, 2x1(x2 — x3) — 55 + x3,2x2(x3 — x1) — X3 + X7, x3 — X1, X2 — x3,1}

© Break M up into irreducible S,-representations.

sp{A} @ sp{2x1(xo—x3)—x3+x3, 2x2(x3—x1)—x34x2} ® sp{x3—x1, xo—x3} D sp{1}
~—— ~——

- i g

@ How many times does an irreducible S,-representation occur?
Frobenius:

313:(X1+X2+X3)3=SH+SH:|+SHI|+E

Schur basis expansion counts multiplicity of irreducible S,-representations!
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Schur positivity
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Schur positivity

@ Schur functions <« irreducible S,-representations.
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Schur positivity

@ Schur functions <« irreducible S,-representations.

@ Via Frobenius characteristic map, questions about S,-action on vector
spaces get translated to questions about Schur expansion coefficients
in symmetric functions.
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Getting more information
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Getting more information

Break M up into smallest S, fixed subspaces
sp{A} @ sp{2x1 (xo—x3)—x2+X3, 2x0(x3—X1 ) —Xa+x2} @ sp{x3—x1, Xo—x3} ® sp{1}
——" ——

- T g

deg=2 deg=1
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Getting more information

Break M up into smallest S, fixed subspaces

sp{A} @ sp{2x1 (xo—x3)—x2+X3, 2x0(x3—X1 ) —Xa+x2} @ sp{x3—x1, Xo—x3} ® sp{1}
—— ——

- T g

deg=2 deg=1

Solution: irreducible S,-representation of polynomials of degree d — q9sy
(graded Frobenius)

77 = q3E+ q255|:|+ qu|:|+ 111
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Getting more information

Break M up into smallest S, fixed subspaces

sp{A} @ sp{2x1 (xo—x3)—x2+X3, 2x0(x3—X1 ) —Xa+x2} @ sp{x3—x1, Xo—x3} ® sp{1}
—— ——

- T g

deg=2 deg=1

Solution: irreducible S,-representation of polynomials of degree d — q9sy
(graded Frobenius)

77 = q3E+ q255|:|+ qu|:|+ 111
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An example of bi-degree

Capturing even more information...
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An example of bi-degree

Capturing even more information...

° Q[le cees Xny Y1, - a.yn] SatiSfying U(Xi) = Xo (i) 0'(_){,) = Yo(j)-
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An example of bi-degree

Capturing even more information...

o Q[le s Xny Y1, 0 a.yn] SatiSfying U(Xi) = Xa(i)v 0'(_){,) = yo‘(_/)
e Garsia-Haiman (1993): M, = span of partial derivatives of A,
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An example of bi-degree

Capturing even more information...

° Q[le cees Xny Y1, - a.yn] SatiSfying U(Xi) = Xo (i) 0'(_){,) = Yo(j)-
e Garsia-Haiman (1993): M, = span of partial derivatives of A,

1 1 x1
AEI:I =det|l y» x| =X3y2 — y3X2 — y1X3 + y1X20 + y3x1 — yox1
1 3 x3
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An example of bi-degree

Capturing even more information...

° Q[le cees Xny Y1, - a.yn] SatiSfying J(Xi) = Xo (i) 0'(_){,) = Yo(j)-
e Garsia-Haiman (1993): M, = span of partial derivatives of A,

1 1 x1
AEI:I =det|l y» x| =X3y2 — y3X2 — y1X3 + y1X20 + y3x1 — yox1
1 3 x3

Moy =sp{D21} ®sp{ys — y1,y1 — yo} ®sp{x3 — x1,x1 — x2} & sp{l}
—_——— ~ ~ ——

deg=(1,1) deg=(0,1) deg=(1,0) deg=(0,0)
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An example of bi-degree

Capturing even more information...

° Q[le cees Xny Y1, - a.yn] SatiSfying J(Xi) = Xo (i) 0'(_){,) = Yo(j)-
e Garsia-Haiman (1993): M, = span of partial derivatives of A,

1 1 x1
AEI:I =det|l y» x| =X3y2 — y3X2 — y1X3 + y1X20 + y3x1 — yox1
1 3 x3

Moy =sp{D21} ®sp{ys — y1,y1 — yo} ®sp{x3 — x1,x1 — x2} & sp{l}
—_——— ~ ~ ——

deg=(1,1) deg=(0,1) deg=(1,0) deg=(0,0)

Irreducible S,-representation with bidegree (a, b) — g7t’sy
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An example of bi-degree

Capturing even more information...

° Q[le cees Xny Y1, - a.yn] SatiSfying J(Xi) = Xo (i) 0'(_){,) = Yo(j)-
e Garsia-Haiman (1993): M, = span of partial derivatives of A,

1 1 x1
AEI:I =det|l y» x| =X3y2 — y3X2 — y1X3 + y1X20 + y3x1 — yox1
1 3 x3

Moy =sp{D21} ®sp{ys — y1,y1 — yo} ®sp{x3 — x1,x1 — x2} & sp{l}
—_——— ~ ~ ——

deg=(1,1) deg=(0,1) deg=(1,0) deg=(0,0)

Irreducible S,-representation with bidegree (a, b) — g7t’sy

Hﬂ—qtﬁ-i-ts;lj-i-qs;lj-i-m
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@ Symmetric functions, S,-representations, and Frobenius characteristic
@ Diagonal harmonics and shuffle conjectures

© Stable series approach

© Application: extended Delta conjecture
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Diagonal harmonics

e DH, = {f € Qx1, .-y Xn Y1, -5 Yn] | Zlggna)‘;@}lfjf(x,y) = 0}.
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Diagonal harmonics

e DH, = {f € Qx1, .-y Xn Y1, -5 Yn] | Zlggna)‘;@}lfjf(x,y) = 0}.

e E.g., Frobenius characteristic for DHs:

(q3+q2t+qt2+t3+qt)sﬁ+(q2+qt+tz—i-q—i-t)sBj-i-qjjj
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Diagonal harmonics

o DHn - {f S Q[X17"')Xn)y17° . 'a)/n] | Zlggna)za}t/:f(xﬂy) = 0}

e E.g., Frobenius characteristic for DHs:

(q3+q2t+qt2+t3—|—qt)5§+(q2+qt+t2+q+t)sEF|+S|:|:|:|

What symmetric function gives the Frobenius characteristic of DH,,? \
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Diagonal Harmonics

Frobenius characteristic of DHs:
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Diagonal Harmonics

Frobenius characteristic of DHs:

t3Fin (—q?t — qt*> — qt)Fix —q°f5
—qt2+t3—|—q2—qt —q2t2+q3+t3—qt —q3+q2t—|—qt—t2
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Diagonal Harmonics

Frobenius characteristic of DHs:

t3Fh1 (—q°t — qt? — qt)’:/21 —q*H;
—qt2+t3—|—q2—qt —q2t2+q3+t3—qt —q3+q2t—|—qt—t2
However,
B Fi11 (—g—t— 1)f:/21 Hs
€3

= —+ —
—qt?2+t3+q¢>—qt —¢?t2+ @+ t3—qt -+ q’t+qt —t2
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Diagonal Harmonics

Frobenius characteristic of DHs:

t3Fh1 (—q°t — qt? — qt)’:/21 —q*H;
—qt2+t3—|—q2—qt —q2t2+q3+t3—qt —q3+q2t—|—qt—t2
However,
B Fi11 (—g—t— 1)f:/21 Hs
€3

= —+ —
—qt?2+t3+q¢>—qt —¢?t2+ @+ t3—qt -+ q’t+qt —t2

Definition
Define V: A — A via

V(A,) = g"W e A,

Nice, but not combinatorial...
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A Dyck path ) is a south-east lattice path lying below the line segment
from (0, n) to (n,0).
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A Dyck path ) is a south-east lattice path lying below the line segment
from (0, n) to (n,0).

@ area(\) = number of squares above A\ but below the path ¢ of
alternating S-E steps.

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 17 /36



A Dyck path ) is a south-east lattice path lying below the line segment
from (0, n) to (n,0).

@ area(\) = number of squares above A\ but below the path ¢ of
alternating S-E steps.

e E.g., above area(\) = 10.
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Shuffle Conjecture

Conjecture (Haglund-Haiman-Loehr-Remmel-Ulyanov, 2005)

Ve, = Z tarea dmv(/\ wg,,()\)(X q- )
\eDP,
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Shuffle Conjecture

Conjecture (Haglund-Haiman-Loehr-Remmel-Ulyanov, 2005)

Ve, = Z tarea dmv(/\ wg,,()\)(X q- )
\eDP,

° g=1,wG,\(x;1) = sp, - --sp, where b; = number of vertical steps
between line and X\ in column 1.
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Shuffle Conjecture

Conjecture (Haglund-Haiman-Loehr-Remmel-Ulyanov, 2005)

Ve, = Z tarea dmv(/\ wg,,()\)(X q- )
\eDP,

° g=1,wG,\(x;1) = sp, - --sp, where b; = number of vertical steps
between line and X\ in column 1.

@ wG,(y) an "LLT polynomial” associated to A given as a g-weight
generating function over tuples of row SSYTs.
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Shuffle Conjecture

Conjecture (Haglund-Haiman-Loehr-Remmel-Ulyanov, 2005)

Ve, = Z tarea dmv(/\ wg,,()\)(X q- )
\eDP,

° g=1,wG,\(x;1) = sp, - --sp, where b; = number of vertical steps
between line and X\ in column 1.

@ wG,(y) an "LLT polynomial” associated to A given as a g-weight
generating function over tuples of row SSYTs.

@ dinv(A) = number of balanced hooks.
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gl

HEN

Balanced hook is given by a cell below A satisfying

Y4 {41
<l—-€e< .
a+1 a
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LLT Polynomials

Gg = > g7

TESSYT(v)

for i(T) the number of attacking inversions:

[1[2[3[3]5]
[2[4]4]7]8]9]9]
[1[1]6[7]717]

@ G, is symmetric and Schur positive.
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Shuffle Theorem

Representation Theory: Diagonal Harmonics

DHn = {f S Q[Xla---vxnvylw "7.yn] | Zlggnagafjf(xay) - 0}
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Shuffle Theorem

Representation Theory: Diagonal Harmonics

DHn = {f S Q[Xla---vxmylw "7.yn] | Zlggnagazf(xay) - 0}

Frobenius characteristic Ve,,. \

Combinatorics: Shuffle Theorem (Carlsson-Mellit, 2018)

Ve, = Zx\EDP,, tarea()\)qdinv(A)wgy(A)(X; Q)-
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@ Symmetric functions, S,-representations, and Frobenius characteristic
@ Diagonal harmonics and shuffle conjectures

© Stable series approach

© Application: extended Delta conjecture

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 22/36



Schiffmann’s Elliptic Hall Algebra £

o For every coprime m, n € Z, subalgebra A(X™") = A, with relations
between them. (Burban-Schiffmann, 2012)
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@ £actson A, eg.
ex[-MX™ . 1= Ve
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Schiffmann’s Elliptic Hall Algebra £

o For every coprime m, n € Z, subalgebra A(X™") = A, with relations
between them. (Burban-Schiffmann, 2012)

@ £actson A, eg.
ex[-MX™ . 1= Ve

Rational Shuffle Conjecture (F. Bergeron, Garsia, Sergel Leven, Xin,

2016) (Proved by Mellit, 2016)

ex[-MX™" -1 = Z tarea()\)qdinvp()\)wgy()\)(X; q—l)
A

where summation is over all (kn, km)-Dyck paths.
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Rational Path Combinatorics
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Rational Path Combinatorics

@ area(\) as before; number of boxes between A and highest path §.
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Rational Path Combinatorics

@ area(\) as before; number of boxes between A and highest path §.

@ dinv,(A) = number of p-balanced hooks:

Y4 /41 n
i; <p<——  p=_ e

a+1

3
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Theorem (Blasiak-Haiman-Morse-Pun-S.)

Given r,s € R-q such that p = s/r irrational,
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Theorem (Blasiak-Haiman-Morse-Pun-S.)

Given r,s € R-q such that p = s/r irrational,

D(bl,...,b,) .1 = Z tarea()\)qdinvp()\)wgy()\)
A
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Theorem (Blasiak-Haiman-Morse-Pun-S.)

Given r,s € R-q such that p = s/r irrational,

D(bl,...,b,) .1 = Z tarea()\)qdinvp()\)wgy()\)
A

@ )\ is a lattice path under the line y + px = s,
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Theorem (Blasiak-Haiman-Morse-Pun-S.)

Given r,s € R-q such that p = s/r irrational,

D(bl,...,b,) .1 = Z tarea()\)qdinvp()\)wgy()\)
A

@ )\ is a lattice path under the line y + px = s,
@ (b1,...,b) are the south runs of ¢,
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Theorem (Blasiak-Haiman-Morse-Pun-S.)

Given r,s € R-q such that p = s/r irrational,

D(bl,...,b,) .1 = Z tarea()\)qdinvp()\)wgy()\)
A

@ )\ is a lattice path under the line y + px = s,
@ (b1,...,b) are the south runs of ¢,

@ Dy is special element of £.

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 25 /36



Schiffmann to Shuffle

@ Shuffle algebra S given by the image of Laurent polynomials
o e k[xfcl7 .. ,x,il] via map
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Schiffmann to Shuffle

@ Shuffle algebra S given by the image of Laurent polynomials
o e k[xlil7 .. 7x,ﬂ] via map
¢Hi<j(1 = qtxi/x;)
[T (1 = xi/xi)(1 = axi/x;)(1 = txi/x;))

Hgt: ¢ Z w

weS;
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Schiffmann to Shuffle

@ Shuffle algebra S given by the image of Laurent polynomials
o e k[xlil7 .. 7x,ﬂ] via map
¢Hi<j(1 = qtxi/x;)
[T (1 = xi/xi)(1 = axi/x;)(1 = txi/x;))

Hgt: ¢ Z w

weS;

@ There exists isomorphism ¢: § — £,
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Schiffmann to Shuffle

@ Shuffle algebra S given by the image of Laurent polynomials

o e k[xlil7 .. 7x,ﬂ] via map
_ » ¢Hi<j(1 = qtxi/x;)
Haei 0 2, (H;q((l —/x)(1 = @l = tx,-/x,-))>

@ There exists isomorphism ¢: § — £,
o (Negut, 2014) gives well-defined

xbr. oL xh
Dbl...b/:¢ Hqt Ill d
[1,21(1 — gtxi/xi11)
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Schiffmann to Shuffle

@ Shuffle algebra S given by the image of Laurent polynomials

o e k[xil7 .. ,x,il] via map
_ » ¢Hi<j(1 = qtxi/x;)
Haei 0 2, (H;q((l —/x)(L— @l (I - tx,./x,.))>

@ There exists isomorphism ¢: § — £,
o (Negut, 2014) gives well-defined

xbr. o xh
Dbl...b/:¢ Hqt Ill d
7 [1,21(1 — gtxi/xi11)

Key Relationship

X2 xP
w(Dp - 1)(x1,...,x1) = Hg —
ITi-1(t - avxi/xie1) ) oy
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Proof ldea

Theorem (Blasiak-Haiman-Morse-Pun-S.)

For b € Z' corresponding to some choice of coprime m, n,

xfl x,b’
quf /-1
[Ti21(1 — qtxi/xi41)

= Z tla‘E((T(b,,...,bl)-l—(o,a/,l,...,al))/(a,,l,...,al,o)(X;q)

ai,...,a-120
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Proof ldea

Theorem (Blasiak-Haiman-Morse-Pun-S.)

For b € Z' corresponding to some choice of coprime m, n,

lel “ .. lel
Hg¢ -1
[Ti=1(1 — gtxi/xi11)

= Z tla‘E((T(b,,...,bl)-l—(o,a/,l,...,al))/(a,,l,...,al,o)(X;q)

ai,...,a-120

o Infinite series of GL;-characters y where A € Z/ satisfies
AL > 2> AL
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Proof ldea

Theorem (Blasiak-Haiman-Morse-Pun-S.)

For b € Z! corresponding to some choice of coprime m, n,

lel “ .. lel
Hg¢ -1
[Ti=1(1 — gtxi/xi11)

= Z tla‘E((T(b,,...,bl)-l—(o,a/,l,...,al))/(a,,l,...,al,o)(X;q)

a1,..,a-1>0

o Infinite series of GL;-characters y where A € Z/ satisfies
AL > 2> AL

@ X <> sy when )\, > 0.
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Proof ldea

Theorem (Blasiak-Haiman-Morse-Pun-S.)

For b € Z! corresponding to some choice of coprime m, n,

xfl x,b’
quf 1—1
[Ti=1(1 — gtxi/xi11)
= Z tla‘E((T(b,,...,bl)-l—(o,a/,l,...,al))/(a,,l,...,al,o)(X;q)

a1,..,a-1>0
v

o Infinite series of GL;-characters y where A € Z/ satisfies
AL > 2 AL

@ X <> sy when )\, > 0.

@ Under polynomial truncation, Lg/a — qdi“"P()‘)QV(A)
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Cauchy ldentity

o (Twisted) non-symmetric Hall-Littlewood polynomials EY(x; q)
defined via Demazure-Lusztig operators.

S,'—].

Ti=as+ (A=,
1 1
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Cauchy ldentity

o (Twisted) non-symmetric Hall-Littlewood polynomials EY(x; q)
defined via Demazure-Lusztig operators.

S,'—].

Ti=as+ (A=,
1 1

@ Dual basis Fy.

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 28 /36



Cauchy ldentity

o (Twisted) non-symmetric Hall-Littlewood polynomials EY(x; q)
defined via Demazure-Lusztig operators.

S,'—].

Ti=as+ (A=,
1 1

@ Dual basis Fy.

Cauchy identity

[Tic;(T —atxiy) _
]:I[,';(]-_txiyj) :Zt|a| Eg(xla---axl;q 1) F:(}’b--'a)//;Q)a
a>0
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Cauchy ldentity

o (Twisted) non-symmetric Hall-Littlewood polynomials EY(x; q)
defined via Demazure-Lusztig operators.

S,'—].

Ti:qsi“‘(l_q)l_x,ﬂ/x.
1 1

@ Dual basis Fy.

Cauchy identity

1_.[' '(1_th,‘yj) ~
]._.I[ji'(l_txiyj) =Y tPIECa, . xR (v, v ),
a>0

® Lgjo = Ha(wo(Fg " (x: 9)ES ' (x: q)))
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What have we learned?

Shuffle Theorem for any path

Dy-1= Z tarea()\)qdinvp(/\)wgy()\)
A
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What have we learned?

Shuffle Theorem for any path

Dy-1= Z tarea()\)qdinvp(/\)wgy()\)
A

Stable Shuffle Theorem
[ b [Tis1<;(1 = qtxi/x;)
I Hi<j(1 — txi/x})
= Z tla‘E((T(b/,...,bl)-i-(o,a/,l,...,31))/(a/,l,...,al,O)(X; q)

a1,..,a-1>0
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What have we learned?

Shuffle Theorem for any path

Dy-1= Z tarea()\)qdinvp(/\)wgy()\)
A

Stable Shuffle Theorem
Hy [ 50 [Tis1<;(1 = qtxi/x;)
Hi<j(1 — tx;/x;)

= Z tla‘£((7(b,,...,b1)+(0,a/,1,...,31))/(3/,1,...,31,0)(X;q)

at,...,a—1>0

Cauchy identity

H'<'(1_thiyj) _
ﬁi;j(l_txi.yj) :Zt|a|Eg(X17"~>X/;q I)Fg(}’h---,)’/;q),
a>0
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@ Symmetric functions, S,-representations, and Frobenius characteristic
@ Diagonal harmonics and shuffle conjectures

© Stable series approach

@Q Application: extended Delta conjecture

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 30/36



Another family of symmetric function operators

Changing the eigenvalues of Macdonald polynomials:
AfH, = f[Bu]H, AlfHu = f[Bu — 1]H,

forany f € Aand B, =3, e, g7l (Note A, e, = Vey).
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Another family of symmetric function operators

Changing the eigenvalues of Macdonald polynomials:
AfH, = f[Bu]H, AlfHu = f[Bu — 1]H,

forany f € Aand B, =3, e, g 1t/71. (Note A, e, = Ve,).

Extended Delta Conjecture (Haglund-Remmel-Wilson, 2018)

Ap A,

ekl

Z Z gdinv(P) garea(A) yw+ (P) H (1 TP ACY)

AeDP, PELD,,Jr/,/()\) r,‘()\):r,',l()\)-l-l
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Delta Combinatorics

ri

1 0
3 1
4 2
0 2

3 1

5 2

2 0

1 0

0 0

6 1

4 1

o Label colums strictly decreasing south to north
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Delta Combinatorics

ri

1 0
3 1
4 2
0 2

3 1

5 2

2 0

1 0

0 0

6 1

4 1

o Label colums strictly decreasing south to north
o wty = X12X2X§X[%X5X6
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Delta Combinatorics

ri

1 0
3 1
4 2
0 2

3 1

5 2

2 0

1 0

0 0

6 1

4 1

o Label colums strictly decreasing south to north
o wty = X12X2X§X[%X5X6
@ dinv <» i(T) under suitable translation.
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Application of previous program

Extended Delta Theorem (Blasiak-Haiman-Morse-Pun-S.)

((h/[B]ek_l[B — 1]6,,)) (Xl, oo ,Xk+/)
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Application of previous program

Extended Delta Theorem (Blasiak-Haiman-Morse-Pun-S.)

((h/[B]ek_l[B — 1]6,,)) (Xl, oo ,Xk+/)
= Z w (DS+€J 1)

SENKTT |s|=n—k
1€JC[k+r],|J|=k
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Application of previous program

Extended Delta Theorem (Blasiak-Haiman-Morse-Pun-S.)

((h/[B]ek_l[B — 1]6,,)) (Xl, oo ,Xk+/)
= Z w (DS+€J ’ 1) =

SENKTT |s|=n—k
1€JC[k+r],|J|=k

Hg,: (%hn—k(xla coXkrn)e(xe, .. 7Xk+l)> o
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Application of previous program

Extended Delta Theorem (Blasiak-Haiman-Morse-Pun-S.)

((h/[B]ek_l[B — 1]6,,)) (Xl, oo ,Xk+/)
= Z w (DS+€J ’ 1) =

SENKTT |s|=n—k
1€JC[k+r],|J|=k

Hg,: (%hn—k(xla coXkrn)e(xe, .. 7Xk+l)>

— Z Z t|a|qd(a’T’J)(£g?a)pol

JC[k+1-1] (0,a),reNKt/
[J]=! |T|=n—k

pol
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Stabilizing

Stable Extended Delta Theorem

H, (Hi+1<j(1 — qtx;/X;)

TT._.(1— b/ (Xl"'Xk-H)hn—k(Xla---an+l)el(X2a---;Xk+l)>
i<j i/

_ Z Z t|a‘qd(a’T’J)£Z3V7a

JC[k+I1-1] (0,a),7eNKH/
‘J‘Z/ |T|:n—k
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What next?

@ We conjecture Dy, - 1 is g, t-Schur positive for a broader class of
indices.
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What next?

@ We conjecture Dy, - 1 is g, t-Schur positive for a broader class of
indices.

@ Combinatorial description of Schur expansion coefficients for Dy, - 17
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What next?

@ We conjecture Dy, - 1 is g, t-Schur positive for a broader class of
indices.

@ Combinatorial description of Schur expansion coefficients for Dy, - 17
© Loehr-Warrington conjecture for Vs,.

George H. Seelinger (UVA) Shuffle Theorems 29 March 2021 35/36
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